Lagrangian statistics of pressure fluctuation events in homogeneous
  isotropic turbulence by Bappy, Mehedi et al.
Lagrangian statistics of pressure fluctuations
Lagrangian statistics of pressure fluctuation events in homogeneous isotropic
turbulence
Mehedi Bappy,1 Pablo M. Carrica,1 and Gustavo C. Buscaglia2
1)IIHR-Hydroscience and Engineering, The University of Iowa, Iowa City, IA,
USA
2)Instituto de Cieˆncias Matema´ticas e de Computac¸a˜o, Universidade de Sa˜o Paulo, Sa˜o Carlos,
Brazil
Homogeneous and isotropic turbulent fields obtained from two Direct Numerical Simulation databases (with
Reλ equal to 150 and 418) were seeded with point particles that moved with the local fluid velocity to
obtain Lagrangian pressure histories. Motivated by cavitation inception modeling, the statistics of events in
which such particles undergo low-pressure fluctuations were computed, parameterized by the amplitude of
the fluctuations and by their duration. The main results are the average frequencies of these events and the
probabilistic distribution of their duration, which are of predictive value. A connection is also established
between these average frequencies and the pressure probability density function, thus justifying experimental
methods proposed in the literature. Further analyses of the data show that the occurrence of very-low-pressure
events is highly intermittent and is associated with worm-like vortical structures of length comparable to the
integral scale of the flow.
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I. INTRODUCTION
The study of pressure fluctuations in turbulent flows
has been the subject of significant theoretical, numerical
and experimental work over more than eight decades.
Over the years, much knowledge has been gained about
the intensity of the fluctuations, their scaling properties,
their energy spectrum and probability density function
(PDF) as well as about their spatial structure and their
relation to other flow variables. The reader is referred,
among others, to the works of George et al1, Pumir2,
Cao et al3, Gotoh & Rogallo4 and references therein for
further details.
Pressure fluctuations have important practical conse-
quences in many physical situations, since they intervene
in the forces exerted by the fluid on adjacent and im-
mersed bodies and are also key to acoustic noise. The
specific motivation of the study reported herein is the
phenomenon of incipient cavitation in turbulent liquid
flows, which is a macroscopic consequence of pressure
fluctuations on microscopic bubbles (or nuclei) present in
the liquid5,6. Though the dynamics of cavitation bubbles
has been well established following the pioneering work
of Plesset7, accurate prediction of cavitation inception in
technologically relevant flows remains a challenge8,9.
A seminal work on cavitation inception in turbulent
flows was published in 1979 by Arndt & George10. It
puts forward the main ingredients for turbulence-induced
inception: That the cavitation nuclei are subject to pres-
sure fluctuations as measured in a Lagrangian frame, and
that (a) the pressure must dip below a critical level (pcav,
the cavitation pressure, also called Blake threshold11),
and (b) the low pressure must persist below the critical
level for a time that exceeds the time scale for bubble
growth. The picture has been confirmed and enriched
over the years by several authors12–15, including the role
of coherent structures and the possibility of using incip-
ient cavitation bubbles as pressure sensors.
Typically, cavitation inception is defined by the incep-
tion cavitation index σi = (pref,i − pcav)/( 12ρU2), where
pref,i is the value of the reference pressure of the flow
at which cavitating nuclei first become observable, ρ is
the liquid’s density and U the global velocity scale. By
observable it is meant that the frequency of cavitation
events growing bubbles to a large enough size is high
enough to be experimentally detectable. In view of cri-
teria (a) and (b) above, inception modeling thus requires
knowledge about the frequency ζ at which random tur-
bulent fluctuations take the pressure, as experienced by
the minute nuclei transported by the flow, below pcav for
long enough time. Such knowledge is, however, not as yet
available in the literature. The purpose of this contribu-
tion is to provide data about ζ in the simplest turbulent
flow, homogeneous isotropic turbulence (HIT). As such,
the results are related to the so-called homogeneous nu-
cleation of cavitation, in which the events take place far
away from walls. To address heterogeneous nucleation
one should increase at least one step further the complex-
ity of the flow and consider boundary layer turbulence.
The pressure PDF in HIT is known to be nega-
tively skewed and exhibit an exponential tail at very low
pressures2–4.On the basis of physical intuition, several
authors have argued that the frequency ζ(δp) of pressure
fluctuations below δp should also exhibit an exponential
tail for large and negative δp10,12,14. Mathematically, this
is far from obvious. In fact, consider a p(t) that exhibits
logarithmic pulses of the form ln(t − ti) where t1, t2, . . .
are random times which arise with average frequency f .
It is easy to check that in such a case PDF(p) has an
exponential tail for p 0. However, the frequency ζ(δp)
is not exponential, as it equals f for any (sufficiently
negative) δp. The temporal structure of the pressure ex-
cursions is thus crucial in determining the statistics of
occurrence of low pressure events.
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Having in mind cavitation modeling, in this investiga-
tion we perform Lagrangian sampling of two Direct Nu-
merical Simulation (DNS) databases counting events at
which the particles go below some given pressure thresh-
old δp for a longer time than some given minimum du-
ration d ≥ 0. Notice that each excursion, even if the
pressure dives well below δp for a time much greater
than d, is counted as a single event. The rationale be-
hind this is that, if the given δp and d are likely to pro-
duce cavitation of the particle (nucleus), then the gaseous
phase will violently grow and increase the local pressure
so that no similar event will take place within the same
pressure excursion. The results obtained from our La-
grangian counting experiments confirm the exponential
dependence ζ(δp) ' C exp(βδp) for δp  0. The fac-
tors C and β are retrieved by fitting the data. We also
address the random structure of the pressure fluctuation
events by building the PDF of interarrival times. It shows
that that low-pressure events do not behave as a Poisson
process, exhibiting a marked burstiness that increases as
δp becomes more negative. It is appropriate to point
out that, since the tracking method does not incorporate
any relative velocity between the Lagrangian particles
and the fluid, the results only apply to the smallest cav-
itation nuclei.
II. DEFINITIONS AND METHODS
Two databases containing Direct Numerical Simula-
tion (DNS) results of Forced Homogeneous Isotropic Tur-
bulence (FHIT) were queried. They consist of fully re-
solved numerical solutions of the incompressible Navier-
Stokes equations in a periodic domain, with forcing ap-
plied to a narrow band of low wavenumber modes in such
a way that a statistically steady flow develops.
The DNS results are time series of velocity and pres-
sure spatial fields with zero mean from which statistical
averages of kinetic energy 〈K〉 and viscous dissipation
〈〉 were computed. From these values the basic scales
characterizing each flow were defined as:Velocity scale: u′ =
√
2〈K〉
3 ,
Length scale: λ = u′
√
15ν
〈〉 ,
(1)
where ν is the kinematic viscosity and unit density is
used. The length scale so defined is the Taylor length
microscale. With these two basic scales all variables were
rescaled (non-dimensionalized), dividing velocities by u′,
lengths by λ, pressures by ρu′2, times by λ/u′, etc. All
reference to the DNS data made throughout this article
concerns the scaled (dimensionless) variables. In partic-
ular, the scaled velocity field u satisfies
〈‖u‖2〉 = 3, 〈‖∇ × u‖2〉 = 15. (2)
The non-dimensional parameter that characterizes the
flow is the Reynolds number Reλ = u
′λ/ν. Two val-
ues were considered: Reλ = 150, obtained from the
database maintained by J. Jime´nez and coworkers at
Univ. Polite´cnica Madrid16, and Reλ = 418, obtained
from the Johns Hopkins Turbulence Databases17–19.
Notice that, under this scaling, the Kolmogorov
scales20 are given by
Length: ηK = 15
− 14 Re−
1
2
λ = 0.508 Re
− 12
λ ,
Velocity: uK = 15
1
4 Re
− 12
λ = 1.968Re
− 12
λ ,
Time: τK = 15
− 12 = 0.2582.
(3)
Notably, τK is independent of Reλ. The Reynolds num-
ber based on the Kolmogorov length is then Reη =
u′ηK/ν = 15−
1
4 Re
1
2
λ = 0.508Re
1
2
λ .
The Lagrangian trajectories are computed by numeri-
cally solving the equation
dr
dt
(t) = u(r(t), t) (4)
from time t = 0 to t = T , with initial condition r(0) =
X, for a large number M of initial positions, i.e., X ∈
X = {X1,X2, . . . ,XM}. The adopted time-integration
method is a Runge-Kutta scheme of order ≥ 2, with a
time step much smaller than the Kolmogorov time scale
(∆t < 0.05τK). The required spatial interpolation was
accomplished using Lagrangian polynomial interpolants
of degree three or greater, depending on the case.
Along the set of computed trajectories several statis-
tical estimates were computed by averaging over the La-
grangian samples (parameterized by the set X of initial
positions) and over time. For these estimates to be mean-
ingful recommended practices were followed 21. The ini-
tial positions were uniformly distributed over the sim-
ulation domain, keeping them at least 2.5 grid spacings
apart. The integration time T extended over several eddy
turnover times. Specifically, the Reλ = 150 field (resolu-
tion 2563, time step 0.043) was sampled with M = 106
particles during a time T = 869.1 (114 turnover times).
The Reλ = 418 field (resolution 1024
3, time step 0.012),
on the other hand, was sampled with M = 4 × 105 par-
ticles during a time T = 60.7, which corresponds to 5
turnover times.
In incompressible turbulence Lagrangian averages of
spatial quantities (e.g., kinetic energy, enstrophy, etc.)
coincide with Eulerian averages. Due to the finite num-
ber of Lagrangian particles and the finite simulation time,
especially in the case with Reλ = 418, the estimates ob-
tained by averaging over the particles and over time are
not exact. The difference of our estimates with Eulerian
averages can be used as a simple test of statistical sig-
nificance. The error in the rms values of velocity and
vorticity were smaller than 2%, value recommended by
Yeung21, providing some validation of our sampling pro-
cedure.
The Lagrangian “Taylor” timescale of a variable Y is
defined as21
τY =
[
Var(Y )
Var(DY/Dt)
] 1
2
, (5)
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where Var(·) denotes the variance of the corresponding
quantity and D/Dt is the material derivative. The La-
grangian autocorrelation function of a variable Y with
zero mean is defined by
ρY (s) =
〈Y (r(t), t)Y (r(t+ s), t+ s)〉
Var(Y )
. (6)
The Lagrangian integral timescale of Y , denoted by
T (Y ), is given by
TY =
∫ +∞
0
ρY (s) ds . (7)
All the statistical averages in the previous and forthcom-
ing definitions are of course replaced by estimates com-
puted over the numerical approximation of the sampled
trajectories.
Finally, the occurrence of low pressure events was in-
vestigated as follows: Some negative pressure values p−
were chosen, namely -2, -2.05, -2.1, etc. Notice that
these correspond to non-dimensional fluctuations, since
〈p〉 = 0. For a given value of p−, a Lagrangian parti-
cle was defined as undergoing a low-pressure event with
threshold p− that starts at time tstart if its pressure sat-
isfies p(tstart) = p− and Dp/Dt(tstart) < 0. The end
of the event is defined as the first time tend such that
p(tend) = p− and Dp/Dt(tend) > 0. The duration of the
event is defined as tend − tstart.
In this way, given m particles evolving in a turbu-
lent field, a stochastic counting process n(p−, d, t) can
be defined as the number of low-pressure events (with
threshold p− and duration tend − tstart > d) that have
0 < tstart < t. For each threshold p− and each mini-
mum duration d, the number n(p−, d, T ) of events was
computed from the time history of the M Lagrangian
particles that are traced over the time T of the simula-
tion. From this, we computed an estimate for the rate of
such events as
ζ(p−, d) ' n(p−, d, T )
MT
. (8)
An analogous processing was carried out for high-
pressure events, denoting the (positive) threshold by p+.
III. RESULTS
A. Basic statistics
We first report some basic statistical quantities ob-
tained from the computed Lagrangian pressure histories.
These include the pressure PDFs shown in Fig. 1, to-
gether with the quantities summarized Table I.
The results for Var(p) are similar to those of Gotoh &
Rogallo422, who report a value of about 0.9 at Reλ = 39
which decreases to about 0.7 at Reλ = 172. Cao et al
3
report Var(p) = 0.883 at Reλ = 131, while Pumir
2 ob-
tained Var(p) ' 1 for 21.6 ≤ Reλ ≤ 77.5. Lagrangian
Quantity Symbol Reλ = 150 Reλ = 418
Variance of p Var(p) 0.78 0.82
Variance of Dp/Dt Var(Dp/Dt) 1.48 0.36
Time microscale τp 0.73 1.51
Integral timescale Tp 2.30 6.21
TABLE I. Basic statistics of the computed Lagrangian pres-
sure histories.
Taylor and integral timescales for pressure are not avail-
able in the literature, nor is the Lagrangian pressure au-
tocorrelation function, which is shown in Figure 2.
The pressure PDFs exhibit the (approximately) expo-
nential tails previously reported by Pumir2 and Cao et
al3. Specifically, the data can be fitted by
PDF(p) '
{
0.18 exp(1.1 p) for Reλ = 150, −13 ≤ p ≤ −5
0.008 exp(0.65 p) for Reλ = 418, −17 ≤ p ≤ −7
(9)
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FIG. 1. Pressure PDFs obtained from the Lagrangian data at
Reλ = 150 and 418. The dash-dotted lines depict the fitted
exponentials of Eq. 9, shifted for clarity.
B. Average frequency of pressure fluctuation events
The main novel results in this contribution are the val-
ues of ζ(p−, d) as depicted in Figure 3. Notice that ζ is
an average frequency of events per particle. An es-
timate of its relative statistical error can be obtained as
1/
√
n(p−, d, T ) for each computed value. This makes the
relative error of ζ to be proportional to ζ−1/2, with a pro-
portionality constant of 3×10−5 for the Reλ = 150 simu-
lation, and of 2× 10−4 for the Reλ = 418 one. No values
of ζ below 10−6 are reported because for this value the
Lagrangian statistics of pressure fluctuations 4
0 5 1 0 1 5 2 0 2 50 . 0
0 . 2
0 . 4
0 . 6
0 . 8
1 . 0
R e λ  =  1 5 0
 
 
ρp
t
R e λ  =  4 1 8
FIG. 2. Lagrangian pressure autocorrelation functions at
Reλ = 150 and 418.
relative statistical error is already at 20% for the higher
Re.
A typical use of these data would be as follows: Con-
sider a volume V of fluid in a (homogeneous, isotropic)
turbulent flow characterized by given values of u′, λ
and Reλ, and assume that the fluid contains some con-
centration Z of small particles (per m3) in suspension.
Then F = ZV ζ(p−, d)u′/λ is the expected frequency (in
events/sec) with which the suspended particles will un-
dergo negative pressure fluctuations below ρu′2p− (in Pa)
that last more than dλ/u′ (in sec) within the volume V .
Of course for this to hold the quantity ζ(p−, d) must be
evaluated at the flow’s Reλ.
Going back to Figure 3, notice that for any minimum
duration d the average frequency is approximately expo-
nential in p−, i.e., ζ(p−) ' C exp(β p−), with C and β
depending on d and on Reλ. In fact, some upward con-
cavity can be observed in the semilog plots for the higher
values of p− (milder pressure fluctuations), but for lower
values the plots closely follow straight lines. This can be
more easily seen in Fig. 4, in which all plots of ζ(p−, d)
corresponding to d = 0, 1, 2, . . . , 6 for both values of Reλ
have been put together simultaneously with their expo-
nential fits.
The fitted values of C and β are listed in Table II. Most
relevant is the parameter β, i.e., the slope in the semi-
log plots. A smaller β implies that, as the threshold is
lowered, the average rate of excursions below the thresh-
old decreases more slowly. For any minimum duration
of the excursions, β is smaller for the higher Reynolds
number. This is consistent with the pressure PDFs,
which also show that lower pressures become more prob-
able at higher Reλ, with exponential tails that behave as
exp(γp−), with γ = 1.1 at Reλ = 150 and γ = 0.65 at
Reλ = 418 (see Fig. 1).
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FIG. 3. Non-dimensional frequency ζ(p−, d) of low-pressure
events as function of the threshold pressure p− for several
values of the minimum duration d = 0, 0.5, 1, . . .. Results at
(a) Reλ = 150 and (b) Reλ = 418.
By direct inspection of Table II one notices that γ is,
for both Reλ, close to the parameter β that corresponds
to events of minimum duration d between 0 and 1 (i.e.,
between zero and roughly four Kolmogorov time scales).
The experimental consequences of this are quite inter-
esting. Assume that, as proposed by LaPorta et al14,
one uses the gas nuclei in a liquid as pressure sensors
and measures the average rate of cavitation events as a
function of the (variable) reference pressure pref of the
flow. Then, if the nuclei’s reaction time is smaller than
a few Kolmogorov time scales, the curve cavitation rate
vs. (pcav − pref) will be approximately proportional to
Lagrangian statistics of pressure fluctuations 5
Reλ = 150 Reλ = 418
Min. duration (d) C β C β
0 0.04 0.80 0.010 0.60
1 0.15 1.35 0.0055 0.68
2 0.08 1.55 0.003 0.72
3 0.07 1.80 0.0025 0.79
4 0.047 1.97 0.0065 1.02
5 0.03 2.10 0.0125 1.25
6 0.014 2.10 0.022 1.50
TABLE II. Constants C and β of the exponential fits of the
data, for low-pressure events of duration greater or equal than
d and for the two datasets (Reλ = 150 and 418). The quality
of the fits can be appreciated in Fig. 4.
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FIG. 4. ζ(p−, d) for d = 0, 1, . . . , 6, for both values of Reλ,
and their exponential fits.
∫ pcav−pref
−∞ PDF(p) dp and thus, since PDF(p) is exponen-
tial, to PDF(pcav − pref) itself. This has been argued in
the literature by several authors10,12,14 on the basis of
physical intuition and is herein rigorously confirmed. No-
tice that the short reaction time of the nuclei is crucial
for the proportionality ζ(p−) ∼ PDF(p−) to hold. If the
reaction time is larger than, say, 20 τK (corresponding to
d ' 5), the dependence of the cavitation rate with pres-
sure will largely differ from that of the pressure PDF. It
is worth mentioning that the values of β inferred by La-
Porta et al14, which were in the range 0.14-0.22 for Reλ
between 1658 and 1880, suggest that β keeps decreasing
with Reλ in much the same way as observed from the
DNS databases studied here.
The dependence of ζ with the minimum duration d
of the events is depicted in Fig. 5. An approximately
exponential decay of ζ with d is observed for d greater
than a few τK (say, d > 0.5), with a logarithmic slope
that becomes more negative as the threshold p− is low-
ered. For any p− the average rate of long events increases
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FIG. 5. Non-dimensional frequency ζ(p−, d) of low-pressure
events as function of minimum duration d for several values
of the threshold pressure (p− = −2,−3,−4, . . .). Results at
(a) Reλ = 150 and (b) Reλ = 418.
significantly with Reλ.
It is informative to complement the previous results
with further analysis of the distribution of the duration
(tend− tstart) of the events corresponding to each thresh-
old p−. The corresponding PDFs are shown in Fig. 6.
It is observed that the peak of the PDF is always about
2/3 of τK and that the PDFs for each p− have longer
tails for the larger Reλ. As p− decreases the distribution
becomes narrower, i.e., events that last longer than τK
become increasingly improbable. The means and medi-
ans of these PDFs are shown as functions of p− in Fig.
7. They increase significantly with Reλ, contrary to what
happens with the peak of the duration PDFs.
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FIG. 6. PDFs of the duration of the low-pressure
events for several values of the threshold pressure (p− =
−2,−4,−6,−8). Results at (a) Reλ = 150 and (b) Reλ = 418.
For the purpose of both completeness and compari-
son, let us close this section with plots of ζ(p+, d), cor-
responding to positive pressure fluctuations. They are
shown in Fig. 8. It is evident that positive pressure
excursions are much more rare than negative ones, a re-
sult that is consistent with the rapid decay of the pos-
itive side of the pressure PDF. For minimum duration
d = 0 the rate of events does not change much with Reλ,
but for events significantly longer than 10 Kolmogorov
timescales (d > 2.58) the non-dimensional frequency for
Reλ = 418 is much greater than that for Reλ = 150, by
an order of magnitude or more.
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FIG. 7. Mean and median duration of the low-pressure events
as functions of the threshold pressure p−.
C. Randomness of low-pressure fluctuations
The occurrence of low-pressure fluctuations (of thresh-
old p− and minimum duration d) in a turbulent flow
is certainly a random process. Its stochastic properties
can be investigated looking at the arrival process formed
by the (monotone increasing) sequence t
(1)
start, t
(2)
start, . . .,
where t
(i)
start is the starting time of the i-th event. This
generates the stochastic process of interarrival times,
Di = t
(i+1)
start − t(i)start. If m random particles are seeded
into the flow, then by definition the average interarrival
time satisfies D = 1/(mζ(p−, d)). A totally random ar-
rival process (Poisson process) exhibits an exponential
distribution for D, i.e.,
PDF(D) =
1
D
exp
(
−D
D
)
. (10)
Whether the sequence of low-pressure events is a Poisson
process or not can thus be assessed by inspecting the
PDF of interarrival times. This PDF cannot be built
from the raw data consisting of all events undergone by
the M particles because of the temporal resolution limit
imposed by the simulation time step. For example, for
the case of events with p− = −2 and d = 0 the total
number of such events recorded was 2.11 × 107 for the
simulation at Reλ = 150 (M = 10
6) and 3.43 × 105 for
that at Reλ = 418 (M = 4×105). Meanwhile, the number
of simulated time steps is 20,000 and 5,000, respectively.
This makes the interarrival times to be much smaller than
the time step and thus poorly resolved.
The procedure adopted to build PDF (D) was as fol-
lows: From the M particles in the simulation, batches
of m particles were extracted at random, selecting the
number m such that D equals 100 simulation time steps.
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FIG. 8. Obtained values of non-dimensional frequency
ζ(p+, d) of high-pressure events as function of the threshold
pressure p+ for several values of the minimum duration d.
Results at (a) Reλ = 150 and (b) Reλ = 418.
For each batch the interarrival times were computed, and
PDF(D) was obtained averaging the histograms of 50,000
such batches.
The results considering events of any duration (d = 0)
for each pressure threshold are shown in Fig. 9, where
we plot DPDF(D) as a function of D/D. Also shown
is the exponential distribution exp(−D/D) which would
correspond to a Poisson process. Analogous PDFs can
be built for other values of d, but they are not shown
since they are quite similar.
The first immediate observation from the plots of
PDF(D) is that low-pressure events do not take place
as a totally random, Poisson process that would entail
0 2 4 6 8 1 01 0 - 4
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|
|
|
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D/D
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(b)
FIG. 9. PDF of the interarrival times of low pressure events
of any duration (d = 0) for different thresholds p−. The
exponential corresponding to a Poisson process is also plotted
for comparison. Results at (a) Reλ = 150 and (b) Reλ = 418.
an exponential PDF. The semilog-plots of the PDFs of
interarrival times exhibit an upward concavity, or “heavy
tail”, which becomes more prominent as the threshold p−
is decreased. This heavy tail is characteristic of processes
that exhibit burstiness, for which a popular quantitative
measure in the literature is the “burstiness parameter”23
defined by
B =
σ(D)−D
σ(D) +D
, (11)
where σ(D) is the standard deviation of D. Notice that
B = −1 for a periodic process (σ(D) = 0), B = 0 for
a Poisson process (σ(D) = D), and B = 1 for a highly
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bursty process (σ(D)  D). The graphs of B vs. p−
fixing the minimum duration to d = 0 are shown in Fig.
10 for both Reλ considered. Clearly, the low-pressure
events are more bursty for larger fluctuations (more neg-
ative p−). To visualize this, in Fig. 11 we plot, as a
function of time, the number of events that start in tem-
poral bins of 50 time steps for p− = −2 and p− = −11
in the simulation with Reλ = 150. The number of events
per bin with threshold -2 oscillates moderately around
its mean value, while that with threshold -11 is most of
the time near zero with intermittent bursts that reach 30
or more events per bin. It is remarkable that burstiness
parameters of value 0.3 and higher are observed. Such
values are not frequent in natural phenomena, and can
be found in highly intermittent human activities such as
e-mail sending23.
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FIG. 10. Burstiness parameter of the low-pressure events as
a function of the threshold pressure p− for the two Reλ con-
sidered.
The high burstiness of very-low-pressure events is an
indication of large flow structures being involved in them,
such that when one of these structures appears many par-
ticles go through it and bursts of events take place. This
picture is consistent with the intermittent structures of
intense vorticity, or worms, first described by Jime´nez et
al24, which have lengths of the order of the integral scale
of the flow. To confirm this, we looked at the pressure iso-
surfaces of the Reλ = 418 simulation, for which a burst
of low-pressure events takes place for non-dimensional
times between 6 and 18 (the burst thus lasts about 46
Kolmogorov timescales). The isosurfaces are shown in
Fig. 12 at some selected instants. The lightest surfaces,
corresponding to p = −2, are present in all snapshots
as expected from the low value of B for p− = −2. At
time t = 6.4 a vortical structure develops, which is most
evident at the peak of the burst (between t = 9.1 and
11.8, third and fourth frames in the figure). It is within
this structure that very low pressures (-8 or lower) oc-
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FIG. 11. Number of events that start within a time bin (size
of the bin: 50 time steps) as a function of time. The plots
correspond to events of threshold p− = −2 (dotted line) and
-11 (solid line), with minimum duration d = 0, as recorded in
the Reλ = 150 simulation.
cur and affect numerous Lagrangian particles. By time
14.4 this structure is dissolving away and after the burst,
at t = 25.1, the flow has recovered an isosurface pat-
tern similar to the one observed before the burst. We
have checked that the vertical low-pressure structure is
indeed a high vorticity region, and its shape and length
are in agreement with the intermittent worms reported
in the literature (notice that the integral lengthscale for
this flow is 12.1, roughly 1/5 the box edgelength)24.
IV. CONCLUSIONS
Motivated by cavitation inception modeling, this work
reports some Lagrangian statistics of the pressure field in
forced homogeneous isotropic turbulence. It is clear that
for a cavitation nucleus to grow up to detectable size a
pressure fluctuation that takes it to sufficiently low pres-
sures for long enough time is necessary. However, the
frequency of such low-pressure events was not available
in the literature and is first reported herein for two values
of Reλ, namely 150 and 418. The main result consists of
the average frequency ζ(p−, d) with which a Lagrangian
particle undergoes a fluctuation that takes its pressure
below some threshold p− for a time longer than some
minimum duration d. This average frequency, for any d,
is observed to have an exponential tail (i.e., to behave
as ∼ C exp(βp−)) towards very low pressure thresholds.
Furthermore, the value of the logarithmic slope β that
corresponds to d ' 0 is roughly coincident with that of
the exponential tail of the pressure PDF. The PDF of
the duration of the low-pressure events is also reported,
which shows that the most probable duration is smaller
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FIG. 12. Pressure isosurfaces of value p = −2, -4, -6, -8 and -10 during a burst of very-low-pressure events. The corresponding
times are, from left to right and top to bottom, t = 3.8, 6.4, 9.1, 11.8, 14.4 and 25.1. The size of the periodic box is 55.6 and
the integral scale is 12.1.
than the Kolmogorov timescale and quite insensitive to
p− for both Reλ considered. On the other hand, the mean
and median duration of the pressure excursions grow sig-
nificantly with Reλ and depend strongly on p−, but only
for moderate values of this variable. The analysis of
the interarrival times between low-pressure events shows
that their occurrence departs from that of a totally ran-
dom homogeneous stochastic process (Poisson process).
This departure becomes more and more accentuated as
the threshold p− is lowered. The distribution of interar-
rival times is heavy-tailed, indicative of a bursty process.
In fact, a quantitative indicator of burstiness was com-
puted, yielding values indicative of a highly intermittent
process. This suggests that the bursts of low-pressure
events are associated with intermittent large-scale vor-
tical structures24, as confirmed by examination of the
pressure isosurfaces at the time of the bursts.
The reported results provide useful quantitative data
to predict the frequency, intensity and duration of pres-
sure fluctuations experienced by very small particles that
are passively transported by a turbulent flow. They can
be used, for example, to inform modern models of numer-
ical cavitation25–27. The behavior at higher Reynolds
numbers and in other turbulent flows should certainly
be explored to gain further understanding. Also, the
relative velocity that develops between non-neutrally-
buoyant particles of finite size and the surrounding liquid
could attract bubbles toward vortex cores and strongly
affect the computed frequencies. These issues are the
subject of ongoing work.
ACKNOWLEDGMENTS
The authors are thankful to Adria´n Lozano-Dura´n for
his help in accessing and processing the database at Univ.
Polite´cnica de Madrid. This research was sponsored by
the US Office of Naval Research through MURI grant
N00014-17-2676, Univ. of Minnesota lead institution, Dr.
Ki-Han Kim program manager. GCB acknowledges sup-
port from the Sa˜o Paulo Research Foundation (FAPESP,
Lagrangian statistics of pressure fluctuations 10
Brazil), grant 2018/08752-5.
1W. George, P. Beuther, and R. Arndt. Pressure spectra in tur-
bulent free shear flows. J. Fluid Mech., 148:155–191, 1984.
2A. Pumir. A numerical study of pressure fluctuations in three-
dimensional, incompressible, homogeneous, isotropic turbulence.
Physics of Fluids, 6:2071–2083, 1994.
3N. Cao, S. Chen, and G. Doolen. Statistics and structures of
pressure in isotropic turbulence. Physics of Fluids, 11(8):2235–
2250, 1999.
4T. Gotoh and R. Rogallo. Intermittency and scaling of pressure
at small scales in forced isotropic turbulence. J. Fluid Mech.,
396:257–285, 1999.
5C. E. Brennen. Cavitation and Bubble Dynamics. Oxford Uni-
versity Press, 1995.
6K. Morch. Cavitation inception from bubble nuclei. Interface
Focus, 5:20150006, 2015.
7M. Plesset. The dynamics of cavitation bubbles. Journal of
Applied Mechanics, 16:277–282, 1949.
8S. Li, C. Brennen, and Y. Matsumoto. Introduction for amazing
(cavitation) bubbles. Interface Focus, 5:20150059, 2015.
9S. Li. Tiny bubbles challenge giant turbines: Three Gorges puz-
zle. Interface Focus, 5:20150020, 2015.
10R. Arndt and W. George. Pressure fields and cavitation in tur-
bulent shear flows. In Twelfth Symposium on Naval Hydrody-
namics, Technical paper no. 91, Series A, pages 327–339, 1979.
11S. Hilgenfeldt, M. Brenner, S. Grossmann, and D. Lohse. Analy-
sis of Rayleigh-Plesset dynamics for sonoluminescing bubbles. J.
Fluid Mech., 365:171–204, 1998.
12B. Ran and J. Katz. Pressure fluctuations and their effect on
cavitation inception within water jets. J. Fluid Mech., 262:223–
263, 1994.
13B. Belahadji, J. Franc, and J. Michel. Cavitation in the rotational
structures of a turbulent wake. J. Fluid Mech., 287:383–403,
1995.
14A. La Porta, G. Voth, F. Moisy, and E. Bodenschatz. Using
cavitation to measure statistics of low-pressure events in large-
reynolds-number turbulence. Phys. Fluids, 12:1485–1496, 2000.
15E. Korkut and M. Atlar. On the importance of the effect of tur-
bulence in cavitation inception tests of marine propellers. Proc.
Royal Society, Math., Phys. and Engng. Sci., 458:29–48, 2002.
16J. Cardesa, A. Vela-Mar´ın, and J Jime´nez. The turbulent cascade
in five dimensions. Science, 357:782–784, 2017.
17Y. Li, E. Perlman, M. Wan, Y. Yang, R. Burns, C. Meneveau,
R. Burns, S. Chen, A. Szalay, and G. Eyink. A public turbulence
database cluser and applications to study Lagrangian evolution
of velocity increments in turbulence. Journal of Turbulence, 9:1–
29, 2008.
18H. Yu, K. Kanov, E. Perlman, J. Graham, E. Frederix, R. Burns,
A. Szalay, G. Eyink, and C. Meneveau. Studying Lagrangian
dynamics of turbulence using on-demand fluid particle tracking
in a public turbulence database. Journal of Turbulence, 13:1–29,
2012.
19Forced Isotropic Turbulence Dataset (Extended).
https://doi.org/10.7281/T1KK98XB.
20S. Pope. Turbulent Flows. Cambridge Univ. Press, 2000.
21P. Yeung. Lagrangian investigations of turbulence. Annu. Rev.
Fluid Mech., 34:15–42, 2002.
22The relationship between the non-dimensional variables chosen
by Gotoh & Rogallo and those adopted here are: Fp = (4/9)
Var(p).
23K. Goh and A. Baraba´si. Burstiness and memory in complex
systems. EPL, 81:48002, 2008.
24J. Jime´nez, A. Wray, P. Saffman, and R. Rogallo. The struc-
ture of intense vorticity in isotropic turbulence. J. Fluid Mech.,
255:65–90, 1993.
25B. Chen and M. Oevermann. LES investigation with an Eulerian
stochastic field cavitation model. In J. Katz, editor, Proc. 10th
International Symposium on Cavitation CAV2018, page 05138,
2018.
26X. Lyu, X. Hu, and N. Adams. Investigation of cavitation bub-
ble cloud with discrete Lagrangian tracking. In J. Katz, editor,
Proc. 10th International Symposium on Cavitation CAV2018,
page 05123, 2018.
27K. Maeda and T. Colonius. Eulerian-Lagrangian method for sim-
ulation of cloud cavitation. J. Comp. Phys., 371:994–1017, 2018.
